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Horvhthy's modification of Feynman's original method is generalized to the path 
integral formula of a forced harmonic oscillator. With this new formula the 
propagator of a harmonic oscillator with memory is evaluated exactly beyond 
and at caustics. 

1. INTRODUCTION 

For a forced harmonic oscillator the propagator has the form 

K(  b, a; T)  = F( t b, t~)exp[ iSel( b, a; T ) /  h ] (1) 

where Sol(b, a; T)  is the classical action and the path integral F(tb, t , )  is 
given by (Feynman and Hibbs, 1965, pp. 58-73; Schulman, 1981, pp. 
31-41) 

F(tb,  t~)= fo~ ftlb(~12-a~2712)dt] D71(t) (2) 

with */(t,) = ~/(tb) = 0. (1.1) is valid only for T = t b - t ,  < "r/2 (~ = 2~r/w), 
a half-period. Slightly modifying Feynman's original method, Horvhthy 
(1979) is able to evaluate (2) by including the Maslov correction (Arnold, 
1967; Souriau, 1976) beyond caustics. Furthermore, he calculates (1) at 
caustics by using the integral form of Schrrdinger's equation. In other 
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words, we have 

. 1/2 (rn~o/2~rhlsm~oTI) e x p ( ( -  i~r/2)[1/2+ Ent(coT/Tr)] }, 

60T~ krr (3) 
F( t b, t~) = ( mo~/27rh )exp(-  ikTr/2), 

~ T =  krr (4) 

and k is an integer. The Maslov correction in (3) has been observed in 
classical optics (Gouy, 1890) and in electron optics (Schulman, 1975) as well 
as in molecular (Miller, 1970) and nuclear (Levit et al., 1974) scattering. 

The purpose of the present paper is to study the classical action part of 
(1) beyond and at caustics for forced harmonic oscillator. With our new 
results we are able to evaluate exactly the propagator of a harmonic 
oscillator with memory, which has been treated by Cheng (1984) for real 
time and by Papadopoulos (1974), Maheshwari (1975), and Khandekar 
et al. (1983) for imaginary time, beyond and at caustics. 

2. FORCED HARMONIC OSCILLATOR 

For a forced harmonic oscillator the Larangian has the form 

L(x ,  ./c) = ( m / 2 ) [ k  2 - ~2x2]+fx (5) 

where ~ and f are, respectively, the frequency and the constant external 
force. The classical action can then be written 

Sd( b, a; T) = ( m,~/2sin ,~T )[ ( x~ + x ] ) c o s , ~ T -  2x~x~ 

+ 2 A ( T ) ( x  b + x ~ ) -  B(T)]  (6) 

with 

A ( T )  = f ( 1 - c o s w T ) / m w  2 and 

B ( T )  = f2  [2(1 - cos w T ) -  wTsin wT]/m2w 4 (7) 

As is well known, (6) is only valid for T ~  k~'/2. Therefore, combining (1), 
(3), and (2), we obtain the propagator of forced harmonic oscillator beyond 
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caustics 

K( b, a; T) = ( m~o/2~rhlsinoJTI)l/2exp( - ( /~r/2)[1/2 + Eat(oaT/It)] } 

• ( im~/2hsin~aT)[(x~ + x] )cos toT 

--2XbX a + 2A(T)(x b + xa)-B(T)]  ) (8) 

In order to obtain the propagator at caustics, we apply the following 
semigroup property 

K(b,a;kr/2)= f_~K[b,c;(2k-1)r /4]K(c,a;r /4)dx c (9) 

Substituting (8), respectively, for T = r / 4  and T = (2k - 1 ) r /4  into (9), we 
have 

K(b, a; kr/2) = (moa/2rrh)exp(- ik~r/2)P(b, a) (10) 

where the classical action part of (9), P(b, a) given by 

P(b,a)= f_~ooexp(-(i/h)( Sd[b,c;(2k-1)r/4]+ Sr r/4)})dx c 

= (2r  )( B( r / 4 1 -  ( - 1) k B[(2k - 1) r/41 }) 

X exp((im~0/h ){ A( r / 4 ) x , - ( -  1) kA [(2k - 1)r/4]x~ }) 

X 3 ( [ x . - A ( r / 4 ) ] - ( - 1 ) k { x b - A [ ( Z k - 1 ) r / 4 ] } )  (11) 

after integration over xc from - m to c~. With the help of (7) for T = r/4 
and T = (2k - 1)r /4 ,  respectively, we finally obtain our principal result: 

K( b, a, kr/2)= exp( - /k r r /2 )exp( (  - if2/hmoo'){ 2 1 1 - ( - 1 )  k ] - k~r }1 

Xexp((if/hoa)lx~--(--1)kxbl} 

XS([X~--(--1)kXb]--[1--(--1)k](f/m*o2)} (12) 

the propagator of forced harmonic oscillator at caustics. For harmonic 
oscillator case, f = 0, (12) reduces to (3) of Horv~tthy (1979) as we expect. 
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3. HARMONIC OSCILLATOR WITH MEMORY 

For a harmonic oscillator with memory, studied by Cheng (1984), the 
Lagrangian has the following form: 

L ( x, ~ ) = ( m /2)[ jc2 - ~o2x2 + (2~o2/T )x f'x( t') (13) 

The propagator can then be expressed 

• (14) 

after integration by parts of the memory term in path integral. The difficult 
part of the path integral (14) is the last exponential functional, which 
involves off-diagonal terms. Introduce the following Gaussian integral 
(Papadopoulos, 1974): 

} 
=(im/2r:hT)l/2f2exp[-(im/2hT)u2 

+ ( imo~/hr lu f"x( tl dt] (15/ 

where u is an auxiliary variable. Substituting (15) into (14), we have 

K,.(b, a; T) = (im/2crhT)X/2L~ exp[- (im/2hr)u 2] g(b, a; u) du 

(16) 

where the path integral 

~ (im/Zh) 'b[:c2- + (2~ou/T)x] dt) Dx(t) H(b'a; u)= fa ( fro r 

(17) 

is the propagator of a forced harmonic oscillator with frequency ~o and with 
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a constant external force m,ou/T.  Thus the memory term in (14) has been 
removed by first introducing an auxiliary variable u and than by integrating 
over u from - o o  to co. 

With the help of (7) for f =  m~ou/T, (8), (16), and (17), we obtain 
beyond caustics 

K . , ( b , a ; T )  

= (m/2~rhT) l /2exp{  - ( i~r /2) [1 /2+ Ent(oaT/rr)] } 

X ( ~ T / 2  Isin(oaT/2) t)exp { im~ cot (~T/2)  ( x,, - xb)2/4h } 

x( 1 
exp(i7r/2) ) (18) 

after lengthy but straightforward calculations. The last upper (lower) factor 
for tan(~oT/2) > 0 ( < 0) is due to the integration over u from - ov to oo by 
using (14) of Horvhthy (1979). Substituting (12) with f = m, . ,u /T  into (17) 
and than into (16), we finally obtain the propagator at caustics: 

Kin(b, a; k r /2 )  = ( m /2~rhT )l/2exp[ - i(2k - 1) rr/4] 

•  xb)2 /2hT]3(x , ,  - xb) 

for k even and 

(19) 

Kin(b, a; k r /2 )  = (m/2~rhT) l /2 (coT /2 )exp[ - i (2k  -1 )~ ' /4 ]  (20) 

for k odd. Here we have used (14) of Horvhthy (1979) and the relation 
~oT = k~r since T = k r / 2  at caustics. 

4. CONCLUSIONS 

With our new results (18)-(20), the propagator (Cheng, 1984) for a 
charged particle in constant magnetic field, which is related to that of a 
harmonic oscillator with memory, can be evaluated beyond and at caustics. 
The new formulas (8) and (12) may also be generalized to evaluate the 
propagator beyond and at caustics of time-dependent forced harmonic 
oscillator with damping (Cheng, 1984). Work along these lines is in progress 
and will be published elsewhere. 
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